
The LES Code: Des
ription & Validation StudiesSe
tion 1 
ontains a detailed des
ription of the equations and of numeri
al algorithmsimplemented in the 
ode for solving these equations. Se
tion 2 
ontains the results ofa number of validation studies in
luding temporal and spatial 
onvergen
e rates, thee�e
ts of grid 
ell size and the sub-grid 
losure, and the overall a

ura
y of the 
ode insimulating de
aying isotropi
 turbulen
e and turbulent 
hannel 
ow.1 FormulationAppli
ation of a homogeneous, low-pass spatial �lter to the non-dimensionalized C-Lequations leads to ��ui�xi = 0� �ui�t + �uj ��ui�xj = �� ���xi + 1Re �2�ui�x2j + ��ij�xj + 1La2t �ijk�sj �!k + Fi (1)where �ijk is the totally antisymmetri
 third rank tensor, an over-bar denotes appli
ationof the low-pass spatial �lter and �ui and �!i are the i-th 
omponents of the non-dimensionalspa
e and time �ltered velo
ity and vorti
ity, respe
tively, in the Cartesian 
oordinatesystem (x1; x2; x3). Re
all that the C-L equations govern the behavior of time �lteredvariables. Furthermore, the C-L equations were spatially �ltered, leading to the equationsin (1); hen
e, �ui and �!i are referred to as the spa
e and time �ltered velo
ity and vorti
ity,respe
tively. The non-dimensional, modi�ed, spa
e and time �ltered pressure is de�nedas �� = �p+ 12�; (2)where �p is the non-dimensional, spa
e and time �ltered pressure and� = 1La4t �si�si + 2La2t �ui�si : (3)The fourth (next to last) term on the right hand side of the se
ond equation in (1) is thenon-dimensionalized C-L vortex for
e de�ned as the Stokes drift velo
ity 
rossed with the�ltered vorti
ity. The non-dimensional Stokes drift velo
ity is de�ned by Phillips (1967)and LeBlond and Mysak (1978) as�s1 = 
osh(2�x3)2 sinh2(�H) and �s2 = �s3 = 0; (4)where H is the water depth and � is the dominant wavenumber of the �ltered-out surfa
egravity waves. Fi is the ith 
omponent of a body for
e.The 
hara
teristi
 
ow velo
ity is taken as the fri
tion velo
ity, u� , where u� =(�s=�o)1=2, �s is the 
onstant wind stress in the x1-dire
tion applied at the top surfa
e and1



�o is the 
onstant density. Non-dimensionalizing the governing equations with 
hara
ter-isti
 
ow velo
ity u� and 
hara
teristi
 length s
ale Æ = H=2 gives rise to the turbulentLangmuir number, Lat = (u�=us)1=2, and the Reynolds number Re = u�Æ=� (with � thekinemati
 vis
osity) appearing in (1). The 
hara
teristi
 Stokes drift velo
ity is de�nedas us = !ka2, where ! is the dominant frequen
y, � is the dominant wavenumber and ais the amplitude of the surfa
e gravity waves.1.1 Subgrid-s
ale 
losureThe subgrid-s
ale (SGS) stress �ij in (1), generated by spatial �ltering the C-L equations,is de�ned as �ij = �ui�uj � uiuj: (5)The term uiuj gives rise to a 
losure problem and thus must be parameterized. Thedeviatori
 part of �ij (i.e. � dij � �ij � Æij�kk=3) is parameterized using the dynami
Smagorinsky 
losure and the dilatational part (i.e. Æij�kk=3) is added to the modi�edpressure, ��. The Smagorinsky 
losure expresses the deviatori
 part of the SGS stress as� dij = 2 (Cs ��)2j �Sj| {z }eddy vis
osity�Sij; (6)where �� is the width of the grid �lter (i.e. the smallest 
hara
teristi
 length s
ale resolvedby the dis
retization), Cs is the Smagorinsky 
oeÆ
ient, �Sij = (�ui;j+�uj;i)=2 is the �lteredstrain-rate tensor, and j �Sj = (2 �Sij �Sij)1=2 is its norm. The model 
oeÆ
ient is 
omputeddynami
ally (Lilly, 1992) as (Cs ��)2 = 12 hLijMijihMklMkli ; (7)where Lij = guiuj � euieuj; (8)and Mij = gj �Sj �Sij � �2je�Sje�Sij: (9)An over-tilde, e�, denotes appli
ation of a homogeneous, low-pass, spatial test �lter in thex1 and x2 dire
tions. Angle bra
kets in (7) denote averaging in x1 and x2 as means ofpreventing instabilities due to potential negative values of the model 
oeÆ
ient. Finally,� is a parameter referred to as the �lter width ratio and often approximated as the test�lter width divided by the grid 
ell size, h. All of the simulations des
ribed here wereperformed using the well-known box �lter of width 2h (Pope, 2000) approximated usingthe trapezoidal rule. The width of the resulting dis
rete �lter is p6h (Lund, 1997), thus� = p6.In addition to the dynami
 Smagorinsky 
losure, test runs using the 
losure of Morin-ishi and Vasilyev (2001) were 
arried out to determine whether or not the results weresensitive to the sub-grid s
ale 
losure. In the latter 
losure, the deviatori
 part of theSGS stress is 
omputed as� dij = CL(��ui��uj � �ui�uj)d + 2(Cs ��)2j �Sj �Sij: (10)2



In the former 
losure, � dij is given by (6). The 
oeÆ
ient (Cs ��)2 in (40) is 
omputeddynami
ally in the same way as before in (7). The 
oeÆ
ient CL is 
omputed dynami
allyas CL = D[Lij + 2(Cs ��)2Mij℄HdijEDHdklHdklE ; (11)where Lij and Mij are spe
i�ed in (8) and (9), respe
tively, andHij = (d̂�ui �̂uj � �̂̂�ui �̂̂�uj)� (d�ui�uj � d��ui��uj): (12)Re
all that the hat notation �̂, denotes appli
ation of a test �lter over the horizontaldire
tions of the 
ow. The bar notation, ��, denotes appli
ation of the grid �lter, impli
itlyset by the numeri
al method. Knowledge of the grid �lter or at least an approximationto the grid �lter is needed in order to 
ompute the tensor Hij. As an approximation togrid �ltering, the following operation suggested by Morinishi and Vasilyev is used:�f(x�i ) = 124[f(x�i � hi) + 22f(x�i ) + f(x�i + hi)℄; (13)where �f(x�i ) is fun
tion f �ltered over the xi-dire
tion evaluated at xi = x�i and hi isthe grid 
ell size in the xi-dire
tion. The width 
hara
terizing the �lter indu
ed by theoperation in (43) is ��i = hi. In the 
urrent implementation, the �lter operation in (43)was applied over periodi
 dire
tions of the 
ow (x1 and x2).1.2 Temporal dis
retizationThe 
ontinuity and momentum equations in (1) are solved on a non-staggered grid usingthe se
ond order time a

urate semi-impli
it fra
tional step method analyzed by Arm�eldand Street (2000). Fra
tional-step methods integrate the equations in (1) in a segregatedmanner. In other words, the momentum equations are �rst solved for the velo
ity andsome form of Poisson's equation is solved for pressure. The Poisson's equation is derivedusing the 
ontinuity and momentum equations. Thus, solution of this equation providesthe pressure and also a
ts to enfor
e 
ontinuity.For simpli
ity, the adve
tion, gradient of the subgrid-s
ale stress, the C-L vortex for
e,and the for
ing terms are gathered into fun
tion Hi asHi(�uk) = �uj ��ui�xj � �� dij�xj � �ijk 1La2t �sj �!k � Fi: (14)Reverting to ve
tor notation (i.e. �u = (�u1; �u2; �u3), r = (�x1 ; �x2 ; �x3), H = (H1; H2; H3)and so on) the terms in (14) are expli
itly dis
retized using the se
ond-order time a

urateAdams-Bashforth s
heme asN(�un; �un�1) = 32H(�un)� 12H(�un�1); (15)where the supers
ripts refer to time steps n and n� 1. Using the se
ond order time a
-
urate Crank-Ni
holson s
heme to dis
retize the vis
ous term together with the previous3



Adams-Bashforth s
heme, the dis
retized momentum equation may be re-expressed as� 1�t � 12Rer2���un+1� = �N(�un; �un�1) + 1Rer2�un �r��n in 
ti � �un+1� = 0 for i = 1; 2 on �
1(n � r)(�un+11� ; �un+12� ) = (Re; 0) on �
2�un+1� = �un +��un+1� in 
 + �
; (16)
where �un+1� = (�un+11� ; �un+12� ; �un+13� ), �t is the time step, n is the unit normal ve
tor to eitherthe bottom or top boundary, �
1 denotes the bottom boundary and �
2 denotes the topboundary. Furthermore, 
 denotes the interior of the domain ex
luding the boundariesand �
 denotes both bottom and top boundaries. Ve
tors t1 and t2 are linearly indepen-dent unit ve
tors normal to n. The solution of (16) at time tn+1, intermediate solution�un+1� , does not satisfy the 
ontinuity equation. To enfor
e the diverge-free 
ondition, thefollowing Poisson's equation for pressure is �rstly solved:r2(���n+1) = 1�t r � �un+1� in 
 + �
����n+1�n = 1�t n � �un+1� on �
��n+1 = ��n +���n+1 in 
 + �
: (17)
The divergen
e-free velo
ity is �nally obtained as�un+1 = �un+1� ��t r(���n+1) in 
 + �
: (18)Noti
e that in the se
ond equation in (16), the 
omponent of the intermediate velo
itynormal to the bottom and top boundaries (i.e. n � �un+1� = �un+13� on �
) is not spe
i�edand thus kept free as given by the solution of the �rst equation in (16). In turn, this freevelo
ity a�e
ts the solution of the Poisson's equation for pressure through the boundary
ondition in (17). As dis
ussed by Slinn and Riley (1998), this is required to ensure
onvergen
e of the method. However, at the end of the time step, when the �nal velo
ity is
omputed via (18), �un+13 is set to zero on �
, thus satisfying the true boundary 
ondition.1.3 Spatial dis
retizationThe spatial dis
retization is hybrid, as it makes use of fast Fourier transforms in thehorizontal dire
tion (x1 and x2) and high order �nite di�eren
es in the verti
al dire
tion(x3). Taking the two-dimensional Fourier transform of the temporally dis
rete momentumequation in (16) and denoting a Fourier transformed quantity with an over-hat, �̂, leads4



to  1�t + 12Re jkhj2 � 12Re Æ2Æx23! d��un+1� = �N̂(�un; �un�1)�rs �̂�n+ 1Re (�jkhj2 + Æ2Æx23) �̂un in 
��̂un+11� ; �̂un+12� � = (0; 0) on �
10�Æ �̂un+11�Æx3 ; Æ �̂un+12�Æx3 1A = (Re; 0) on �
2�̂un+1� = �̂un + d��un+1� in 
;
(19)

where kh = k1e1 + k2e2 and k1 (viz. e1) and k2 (viz. e2) are the wavenumbers (viz.unit ve
tors) in the x1 and x2 dire
tions, respe
tively. The operator Æ=Æx3 denotes the�nite di�eren
e approximation of �=�x3 and rs = (ik1; ik2; Æ=Æx3); these are shown inthe �nite-di�eren
e sten
ils se
tion below.Taking the two-dimensional Fourier transport of the Poisson's equation in (17) leadsto  �jkhj2 + Æ2Æx23! d���n+1 = 1�t  ik1 �̂un+11� + ik2 �̂un+12� + ÆÆx3 �̂un+13� ! in 
 + �
Æd���n+1Æx3 = 1�t �̂un+13� on �
�̂�n+1 = �̂�n + d���n+1 in 
 + �
: (20)
The velo
ity at time step n+ 1 be
omes�̂un+11 = �̂un+11� � i �t k1d���n+1 in 
 + �
�̂un+12 = �̂un+12� � i �t k2d���n+1 in 
 + �
�̂un+13 = �̂un+13� ��t ÆÆx3 d���n+1 in 
 + �
: (21)
The reader is reminded that at the end of the time step, after the �nal velo
ity is 
om-puted via (21), �̂un+13 is set to zero on �
 (the bottom and top boundaries). This is alsodone for �̂un+11 and �̂un+12 on �
1 (the bottom boundary).1.4 Finite di�eren
e sten
ilsUsing 
ompa
t �nite di�eren
e s
hemes, se
ond and �rst order derivatives of fun
tionf(z) on [a; b℄ are obtained. Consider the set fz1; z2; z3; � � � ; zN ; zN+1g of equi-distant5



points gridding the interval [a; b℄ with h being the distan
e between the points. These
ond and �rst derivatives of f(z) may be obtained fromA f 00 = B f thus f 00 = nA�1Bo f (22)and C f 0 = D f thus f 0 = nC�1Do f (23)where f = (f1; f2; � � � ; fN)t and fi is f(z) evaluated at zi 2 [a; b℄. Matri
es A, B, C, andD are banded. However, matri
es A�1B and C�1D are full. Next, the sten
ils used togenerate these matri
es are detailed.1.4.1 First order derivativeLet f 0i denote the �rst derivative of f(z) at z = zi. For i > 2 and i < N , the �rstderivative of fun
tion f(z) is approximated via13f 0i�1 + f 0i + 13f 0i+1 = 1h �� 136fi�2 � 79fi�1 + 79fi+1 + 136fi+2� : (24)Detailed analysis of this O(h6) approximation is given by Lele (1992). For i = 1, the �rstderivative may be obtained from the following O(h5) approximation:f 01 = 1h (
1f1 + 
2f2 + 
3f3 + 
4f4 + 
5f5 + 
6f6 + 
7f7 + 
8f8) (25)where 
1 = �(�0 � 28�0 + 13068)=5040
2 = +(�0 � 27�0 + 5040)=720
3 = �(�0 � 26�0 + 2520)=240
4 = +(�0 � 25�0 + 1680)=144
5 = �(�0 � 24�0 + 1260)=144
6 = +(�0 � 23�0 + 1008)=240
7 = �(�0 � 22�0 + 840)=720
8 = +(�0 � 21�0 + 720)=5040;
(26)

�0 = 1809:257 and �0 = �65:1944. For i = 2, the �rst derivative may be obtained fromthe following O(h5) approximation:f 02 = 1h (d1f1 + d2f2 + d3f3 + d4f4 + d5f5 + d6f6 + d7f7 + d8f8) (27)6



where d1 = �(�1 � 21�1 + 720)=5040d2 = +(�1 � 20�1 � 1044)=720d3 = �(�1 � 19�1 � 720)=240d4 = +(�1 � 18�1 � 360)=144d5 = �(�1 � 17�1 � 240)=144d6 = +(�1 � 16�1 � 180)=240d7 = �(�1 � 15�1 � 144)=720d8 = +(�1 � 14�1 � 120)=5040
(28)

�1 = �262:16 and �1 = �26:6742. Similar expressions for the �rst derivatives are de�nedat i = N and i = N + 1. The sten
ils in (25)-(28) are analyzed in detail by Carpenteret al. (1993).1.4.2 Se
ond order derivativeFor i > 2 and i < N , the se
ond derivative of fun
tion f(z) is 
omputed using thefollowing O(h6) approximation dis
ussed by Lele (1992):211f 0i�1 + f 0i + 211f 0i+1 = 1h2 � 344fi�2 + 1211fi�1 � 5122fi + 1211fi+1 + 344fi+2� : (29)For i = 1, the se
ond derivative may be obtained from the followingO(h5) approximation:f 001 = 1h2 (
1f1 + 
2f2 + 
3f3 + 
4f4 + 
5f5 + 
6f6 + 
7f7 + 
8f8) (30)where 
1 = 5:211, 
2 = �22:300, 
3 = 43:950, 
4 = �52:722, 
5 = 41:000, 
6 = �20:100,
7 = 5:661, and 
8 = �0:700. For i = 2, the se
ond derivative may be obtained from thefollowing O(h5) approximation:f 002 = 1h2 (d1f1 + d2f2 + d3f3 + d4f4 + d5f5 + d6f6 + d7f7 + d8f8) (31)where d1 = 0:700, d2 = �0:389, d3 = �2:700, d4 = 4:750, d5 = �3:722, d6 = 1:800, d7 =�0:500, and d8 = 0:061. Similar expressions for the se
ond derivatives are de�ned at i =N and i = N +1. The sten
ils in (30) and (31) are 
ourtesy of T. L. Ja
kson (Universityof Illinois at Urbana-Champaign, personal 
ommuni
ation) and may be derived using asimilar approa
h to that of Carpenter et al. (1993).7



When solving the Poisson's equation for pressure in (20), the following alternateexpressions are used (instead of (30)-(31)) leading to lower round-o� errors. For i = 1f 001 = �1h 4910f 01 + 1h2 �134891800 f1 + 12f2 � 152 f3 + 409 f4 � 158 f5 + 1225f6 � 118f7� (32)with trun
ation error 0:6572h6d8f=dz8. Note that the Neumann pressure boundary 
on-dition in (20) is assigned through the �rst term in the right hand side of (32). Fori = 2, 11128f 00i�1 + f 00i + 11128f 00i+1 =1h2 �585512f1 � 14164 f2 + 459512f3 + 932f4 � 85512f5 + 364f6 � 3512f7� (33)with trun
ation error 0:02101h6d8f=dz8. Similar expressions are used for i = N + 1 andi = N . The approximations in (32) and (33) and their 
orresponding trun
ation errorswere derived via Taylor series analysis.1.5 Grid-stret
hingIn order to resolve strong gradients in the x3-dire
tion near the bottom boundary andthe top surfa
e, a greater number of points is 
lustered near these two regions. Considera set of equi-distant points at lo
ations �i dis
retizing the verti
al dire
tion of the do-main. Clustering or stret
hing of these points may be a

omplished through a mappinghyperboli
 fun
tion (with existing real inverse) su
h aszi = (1=b) tanh[�i tanh�1(b)℄: (34)This fun
tion takes the set of N equi-distant points �i dis
retizing the interval [�1; 1℄and maps them to the set of N non-uniformly spa
ed points zi in [�1; 1℄. The points ziare 
lustered near the upper and lower bounds of the interval. CoeÆ
ient b is a measureof the 
lustering.The �nite di�eren
e approximations of �=�x3 and �2=�x23 used here (i.e. Æ=Æx3 andÆ2=Æx23 
an only be be applied over points whi
h are equi-distant. Thus, derivatives onthe non-uniform grid are 
omputed in terms of derivatives on the equi-distant grid andderivatives of the inverse of the mapping fun
tion asdfdz = dfd� d�dz and d2fdz2 = d2fd�2  d�dz!2 + dfd� d2�dz2 ; (35)where z and � denote zi and �i, respe
tively, in (34). Note that this approa
h to 
lusteringleads to non-uniformly spa
ed grid points in the verti
al dire
tion only. The grid pointsare uniformly spa
ed in the horizontal dire
tions.1.6 De-alisasingThe nonlinear adve
tion term in (14) generates s
ales at high wavenumbers (i.e. smalls
ales) unresolvable by the grid. This e�e
t is re
e
ted through an a

umulation of energy8



at the highest resolvable wavenumbers, often referred to as aliasing. In order to preventthis spurious a

umulation, de-aliasing is performed using the well-known 3/2-rule in thehorizontal dire
tions. In the verti
al dire
tion, the high order (4th order) �lter dis
ussedby Slinn and Riley (1998) is used in order to attenuate the spurious high wavenumberenergy a

umulation while fully preserving the more energeti
 s
ales at lower wavenum-ber. Note that the subgrid-s
ale 
losures (the dynami
 Smagorinsky and dynami
 mixedsubgrid-s
ale stress models) are nonlinear and 
an give rise to aliasing. However, the
ontribution of these 
losures is small and de-aliasing brings about a negligible 
hange inresults,1.7 Spatial �ltering of adve
tion termsAs dis
ussed earlier, the adve
tion terms in the momentum equations are spatially �lteredin the verti
al dire
tion in order to damp out s
ales of motion unresolvable by the grid.The following fourth order 
ompa
t �lter adapted for a non-uniform grid (Slinn and Riley,1998) is used:0:4 ~fi�1 + ~fi + 0:4 ~fi+1 = 0:4fi�1 + fi + 0:4fi+1� 180(fi+2 � 4fi+1 + 6fi � 4fi�1 + fi�2)� h80  6
2(zi)
21(zi) ! fi+2 � 2fi+1 + 2fi�1 � fi�22 !�h280  4
3(zi)
31(zi) + 3
22(zi)
41(zi) ! (fi+1 � 2fi + ui�1)�h380  
4(zi)
41(zi)! fi+1 � fi�12 ! (36)
where 
1 = ��=�z, 
2 = �2�=�z2, 
3 = �3�=�z3, and 
4 = �4�=�z4 and � is the mappingfun
tion in (34). Note that this sten
il is not valid for points at the bottom and topboundaries and for the �rst two horizontal planes of points o� from these boundaries. Inthe 
urrent implementation the �lter is not applied at these points. This omission doesnot have a negative impa
t on results.A formal derivation of this 
ompa
t �lter 
an be made through Taylor series analysis.From this analysis one 
an see that the �ltered fun
tion is an approximation of theun�ltered fun
tion up to 4th order. That is~f = f +O(h4): (37)The �nite di�eren
e approximations of the �rst and se
ond derivatives in the verti
al (x3)dire
tion (dis
ussed in the previous subse
tion) introdu
e an error of O(h5) or higher.Filtering the adve
tion terms in the verti
al dire
tion using (36) introdu
es an errorof O(h4). Furthermore, using a spe
tral dis
retization in the horizontal (x1 and x2)dire
tions introdu
es an error of mu
h higher order than the previously dis
ussed �nite9



di�eren
ing and �ltering operations. Thus, the 
urrent spatial dis
retization is at least ofO(h4). A higher order �lter 
ould potentially be introdu
ed, however this would involvea more expensive 
omputation at the expense of only minimally 
hanging results.2 Validation studiesNumerous simulations using the previously des
ribed method were 
arried out. Themost rigorous were LES and dire
t numeri
al simulation (DNS) of turbulent 
hannel
ow between parallel walls at Re = 180. Looking at results su
h as mean velo
ity andresolved Reynolds stresses and one-dimensional spe
tra, LES performed with the 
urrentnumeri
al method was more a

urate than LES performed with lower order dis
retizationmethods, as expe
ted.2.1 Convergen
e results: Taylor-Green vorti
es and Poiseuillelaminar 
hannel 
owTemporal and spatial 
onvergen
e results are presented in terms of two 
anoni
al prob-lems, Taylor-Green vorti
es and Poiseuille laminar 
ow, respe
tively. The exa
t solutionfor the two-dimensional Taylor-Green vorti
es problem isu1(t; x1; x2; x3) = �
os(x1)sin(x3)exp(�2�t)u2(t; x1; x2; x3) = 0u3(t; x1; x2; x3) = sin(x1)
os(x3)exp(�2�t)p(t; x1; x2; x3) = 14 ((
os(2x1) + 
os(2x3)) exp(�4�t) (38)for xi 2 [0; 2�℄. Periodi
ity is taken in x1, x2, and x3 and the initial 
ondition is pres
ribedas (38) with t = 0. A se
ond version of this problem was also tested in a domain de�nedby x1 2 [0; 2�℄, x2 2 [0; 2�℄ and x3 2 [0; �℄ in whi
h periodi
ity is taken in x1 and x2and Diri
hlet boundaries are taken at x3 = 0 and x3 = �. Figure (1a) 
learly showsse
ond order temporal 
onvergen
e results for the latter problem on a 33�9�17 grid.Other grids were tested leading to the same temporal 
onvergen
e. Although theseproblems are relatively simple, they 
an qui
kly lead to the dis
overy of 
oding errors.Furthermore, through these problems we have 
on�rmed the results of Kim and Moin(1985) and Arm�eld and Street (2000). That is, ex
luding the pressure gradient fromthe momentum solve in (19) or (16) leads to a �rst order time a

urate method whileretaining the pressure gradient leads to a se
ond order time a

urate method.Figure (1b) shows spatial 
onvergen
e results for a laminar Poiseuille 
hannel 
ow.The exa
t solution is u1(t; x1; x2; x3) = umax  1� �x3h �2!u2(t; x1; x2; x3) = 0u3(t; x1; x2; x3) = 0p(t; x1; x2; x3) = po � 2u2maxReh x1h (39)
10
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PSfragrepla
ements(a) maximum error in verti
al velo
ity (b) error in global kineti
 energy

1=�t
error error

1=�xFigure 1: (a) Temporal 
onvergen
e in Taylor-Green vorti
es problem and (b) spatial
onvergen
e in Poiseuille 
hannel 
ow problem.where h is the 
hannel half-height, Reh = umaxh=� and umax is the maximum 
enterlinevelo
ity. Note that the exa
t pressure solution in (39) is linear in x1. However, thespe
tral dis
retization in x1 and x2 di
tates that all solution variables must be periodi
in these two dire
tions. Thus, to have a periodi
 pressure we must take the pressure as a
onstant and a

ount for the pressure gradient as a known for
ing ve
tor (F1; F2; F3) onthe right hand side of the momentum equation where F1 = 2u2max=Reh and F2 = F3 = 0.The initial 
ondition is taken as u1 = (umax=3)[1 � (x3=h)2℄, u2 = u3 = p = 0. Al-though this initial 
ondition is not the exa
t solution, it is divergen
e-free. Furthermore,note that the exa
t solution to this problem is time-independent. Here the time splittingin the proje
tion method serves as an iterator driving the numeri
al solution towards theexa
t, steady solution.The spatial 
onvergen
e result of Figure (1b) demonstrates that the spatial dis
retiza-tion employed is fourth order a

urate, 
onsistent with the fourth order spatial �lterapplied to the nonlinear adve
tion term, dis
ussed earlier.2.2 E�e
ts of grid 
ell size and subgrid-s
ale 
losureThis se
tion presents studies exploring e�e
ts of grid 
ell size (or grid resolution) andsubgrid-s
ale (SGS) 
losure on results of LES in 
ow with LC generated by intermediatewaves with Lat = 0:7. The e�e
ts of grid resolution and SGS 
losure are dis
ussed in thesame se
tion be
ause they are related to one another. As grid resolution is in
reased, theimpa
t of the SGS 
losure weakens. Additionally, it is expe
ted that e�e
ts due to gridresolution and subgrid-s
ale 
losure have a stronger impa
t on the LC 
ow at Re = 18011
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Figure 2: Pro�les of mean velo
ity (normalized by U 
1) for 
ows with LC at Re = 180(� = 6H;Lat = 0:7) with di�erent grid resolutions and subgrid-s
ale 
losures. ,simulation on (32�64�97) grid with dynami
 Smagorinsky 
losure; , simulation on(48�96�145) grid with dynami
 Smagorinsky 
losure; , simulation on (32�64�97)grid with dynami
 mixed 
losure.with the (32� 64 � 97) grid than on the LC 
ow at Re = 395 with the (96 � 96 � 97)grid be
ause of the 
oarser resolution in the former. Thus, results shown in this se
tionwere obtained with LC 
ow at Re = 180.Simulation results obtained with the dynami
 Smagorinsky 
losure and the dynami
mixed 
losure of Morinishi and Vasilyev (2001) are 
ompared. In the latter 
losure, thedeviatori
 part of the SGS stress is 
omputed as� dij = CL(��ui��uj � �ui�uj)d + 2(Cs ��)2j �Sj �Sij: (40)In the former 
losure, � dij is given by (6). The 
oeÆ
ient (Cs ��)2 in (40) is 
omputeddynami
ally in the same way as before in (7). The 
oeÆ
ient CL is 
omputed dynami
allyas CL = D[Lij + 2(Cs ��)2Mij℄HdijEDHdklHdklE ; (41)where Lij and Mij are spe
i�ed in (8) and (9), respe
tively, andHij = (d̂�ui �̂uj � �̂̂�ui �̂̂�uj)� (d�ui�uj � d��ui��uj): (42)Re
all that the hat notation �̂, denotes appli
ation of a test �lter over the horizontaldire
tions of the 
ow. The bar notation, ��, denotes appli
ation of the grid �lter, impli
itlyset by the numeri
al method. Knowledge of the grid �lter or at least an approximationto the grid �lter is needed in order to 
ompute the tensor Hij. As an approximation togrid �ltering, the following operation suggested by Morinishi and Vasilyev is used:�f(x�i ) = 124[f(x�i � hi) + 22f(x�i ) + f(x�i + hi)℄; (43)where �f(x�i ) is fun
tion f �ltered over the xi-dire
tion evaluated at xi = x�i and hi isthe grid 
ell size in the xi-dire
tion. The width 
hara
terizing the �lter indu
ed by theoperation in (43) is ��i = hi. In the 
urrent implementation, the �lter operation in (43)was applied over periodi
 dire
tions of the 
ow (x1 and x2).12
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Figure 3: Resolved normal Reynolds stress 
omponents (normalized by U 
12) for 
ow withLC at Re = 180 ,(� = 6H, Lat = 0:7) with di�erent grid resolutions and subgrid-s
ale
losures. , simulation on (32 � 64 � 97) grid with dynami
 Smagorinsky 
losure;, simulation on (48 � 96 � 145) grid with dynami
 Smagorinsky 
losure; ,simulation on (32� 64� 97) grid with dynami
 mixed 
losure.
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Figure 4: Mean dominant shear (1-3) 
omponent of resolved Reynolds stress, vis
ousstress and subgrid-s
ale stress for 
ows with LC Re = 180 (� = 6H;Lat = 0:7) withdi�erent grid resolutions and subgrid-s
ale 
losures. (a) Simulation on (32�64�97) gridwith dynami
 Smagorinsky 
losure; (b) simulation on (32� 64� 97) grid with dynami
mixed 
losure; (
) simulation on (48� 96� 145) grid with dynami
 Smagorinsky 
losure., 1-3 
omponent of resolved Reynolds stress (i.e. �h�u01�u03i ); , 1-3 
omponentof mean vis
ous stress (i.e. (1=Re) d h�u1i =dx3 ); , 1-3 
omponent of mean subgrid-s
ale stress (i.e. < � d13 > ); , sum of previous three quantities. All quantities arenormalized by the value of < � �13 > at the bottom wall (i.e. < � �13 > jx3=0).13



Before studying the e�e
ts of grid resolution and SGS 
losure, it is worthwhile to
onsider the Reynolds-averaged governing equations. Using the 
ontinuity equation, thevis
ous term in the momentum equation in (1) may be expressed as1Re �2�ui�x2j = �� �ij�xj ; (44)where the vis
ous stress is � �ij = 1Re  ��ui�xj + ��uj�xi ! : (45)Using the de
omposition �ui = h�uii+ �u0i; (46)and equations (44) and (45), the x1-momentum equation be
omesf(x3) = �d h�u01�u03idx3 + d D� d13Edx3 + d h� �13idx3 = 0: (47)Integrating the previous expression in x3 leads tog(x3) = �h�u01�u03i+ D� d13E+ h� �13i = C; (48)where C is a 
onstant. This 
onstant 
an be determined by evaluating fun
tion g(x3) atthe bottom wall (at x3 = 0). At x3 = 0, the 1-3 
omponent of the resolved Reynoldsstress tensor (h�u01�u03i) and the 1-3 
omponent of the subgrid-s
ale stress tensor (� d13) bothvanish. Thus, C is equal to the averaged 1-3 
omponent of the vis
ous stress tensor atthe bottom wall (i.e. C = h� �13i jx3=0). Note that the 1-3 
omponent of the subgrid-s
alestress tensor and all of the other 
omponents of this tensor vanish at the bottom wall forboth the dynami
 Smagorinsky 
losure and the dynami
 mixed 
losure. Now that C hasbeen determined, expression (48) may be re-expressed asg(x3)h� �13i jx3=0 = � h�u01�u03ih� �13i jx3=0 + D� d13Eh� �13i jx3=0 + h� �13ih� �13i jx3=0 = 1: (49)Note that satisfa
tion of equation (47) serves as an indi
ator for turbulen
e under statis-ti
al equilibrium. For the 
ow 
on�gurations with and without LC, global 
onservationof streamwise momentum implies that the plane-averaged bottom stress should be equalto the pres
ribed surfa
e stress (in the temporal mean). In all the 
ases presented in thisarti
le, temporal/plane averages of turbulent quantities were 
olle
ted on
e the plane-averaged bottom stress normalized by �s was was 
lose to one (in the temporal mean)throughout several 
ow-throughs. These averages were 
olle
ted over a suÆ
iently longtime period su
h that the relation in (47) was satis�ed. Averaging over longer time pe-riods resulted in nearly indistiguishable temporal/horizontal averages of turbulent quan-tities, thereby signaling that the turbulen
e had rea
hed a statisti
al equilibrium.Figures 2 and 3 
ompare mean streamwise velo
ity and resolved normal Reynoldsstress 
omponents for three simulations all with LC generated by intermediate waves,14



Lat = 0:7 and Re = 180. One of the simulations was performed with the dynami
Smagorinsky 
losure and another with the dynami
 mixed 
losure, both on the (32 �64 � 97) grid with b = 0:923 dis
ussed earlier. A third simulation was performed withthe dynami
 Smagorinsky 
losure but on a �ner (48 � 96 � 145) grid with b = 0:859.Mean streamwise velo
ity pro�les (�gure 2) are nearly indistinguishable in the threesimulations. The simulations with equal resolution and di�erent subgrid-s
ale 
losurespredi
t values of h�u01�u01i very 
lose to ea
h other. In terms of h�u02�u02i, the simulationwith the dynami
 mixed 
losure predi
ts slightly lower values espe
ially in the upperand lower halves of the water 
olumn (�gure 3b). In terms of h�u03�u03i, the simulationwith the dynami
 mixed 
losure predi
ts slightly lower values, espe
ially in the middle ofthe water 
olumn. These di�eren
es between the results with dynami
 Smagorinsky anddynami
 mixed 
losures are negligible. Most of the di�eren
es between the simulationswith the dynami
 Smagorinsky 
losure at di�erent resolutions are negligible as well, thusverifying that the simulation on the 
oarser grid was not adversely a�e
ted by grid size.The main di�eren
e between the simulations with the dynami
 Smagorinsky 
losure atdi�erent resolutions is in the predi
ted value of h�u01�u01i at the top surfa
e. The simulationat 
oarser resolution overpredi
ts h�u01�u01i by about 10% relative to the simulation at �nerresolution. This is attributable to the e�e
t of the SGS 
losure whi
h is greatest nearthe top surfa
e. The impa
t of the SGS 
losure is greatly redu
ed with grid re�nement,as will be shown next.Figure 4 shows the dominant shear 
omponents (i.e. the 1-3 
omponents) of resolvedReynolds stress, vis
ous stress and subgrid-s
ale stress in the three simulations previouslydis
ussed. In the simulation with the dynami
 Smagorinsky 
losure, the 1-3 
omponent ofthe subgrid-s
ale stress is given as � d13 = 2�T �S13 where the eddy vis
osity, �T , was de�nedin (6) and �S13 = (�u1;3+�u3;1)=2. As dis
ussed earlier, the presen
e of Langmuir 
ir
ulations
auses homogenization of the streamwise velo
ity in the middle of the water 
olumn.Consequently, the presen
e of the Langmuir 
ir
ulations redu
es the magnitude of �S13and thus of � d13 to nearly zero, espe
ially in the middle third of the water 
olumn. This 
anbe seen in Figure 4a. In the 
ase of the dynami
 mixed model, � d13 is not a�e
ted as mu
hby homogenization of streamwise velo
ity be
ause it is not solely proportional to �S13 (see(40)). Looking at �gures 4a-b, in the middle third of the water 
olumn, � d13 given by thedynami
 mixed 
losure is greater than � d13 given by the dynami
 Smagorinsky 
losure. Inboth simulations with the di�erent subgrid-s
ale 
losures, the presen
e of Langmuir 
ellsalso tends to drive the 1-3 
omponent of the mean vis
ous stress (i.e. h� �13i = h�u1;3i =Re)
lose to zero. Taking this into 
onsideration together with the relation in (47), highervalues of D� d13E lead to lower values of �h�u01�u03i when 
omparing the simulation with thedynami
 mixed 
losure to its 
ounterpart with the dynami
 Smagorinsky 
losure. Notethat for both of these simulations as well as for the simulation at greater resolution, therelation in (49) is well satis�ed throughout the entire water 
olumn.Comparing the simulations with the dynami
 Smagorinsky 
losure at di�erent reso-lutions (�gures 4a,
), it 
an be seen that re�ning the grid leads to a redu
tion of D� d13E,a well known attribute of the dynami
 
losure. This redu
tion is appre
iable in regionsnear the bottom wall and near the top surfa
e where values of D� d13E are larger thanelsewhere. 15



2.3 De
aying isotropi
 turbulen
eUnder 
ertain 
onditions, large-s
ale motions 
an be
ome turbulent. More pre
isely, thelarge-s
ale motions be
ome unstable and break into smaller s
ale motions whi
h takeenergy from the larger ones. Energy is passed down to su
h small s
ales at whi
h it isdissipated by the a
tion of mole
ular vis
osity. At high enough Reynolds numbers, thesmall-s
ale motions 
ease to depend on the nature of the large-s
ale 
ow, leading to uni-versality of small-s
ale motions. Furthermore, these s
ales lose all dire
tional orientation,thus be
oming isotropi
. The energy 
ontained within these s
ales is 
hara
terized bywhat is usually referred to as the �ve-thirds law. In other words, the energy at theses
ales behaves as k�5=3r , where kr, the radial wavenumber, is proportional the inverse ofthe size of the s
ales. Spe
i�
ally, the radial wavenumber is de�ned as the magnitude ofwavenumber k.In this se
tion we present LES results with the dynami
 Smagorinsky model of a 
owwhi
h is nearly isotropi
 at all s
ales. Our results are 
ompared to the experimentaldata of Comte-Bellot and Corrsin (1971), who represented an in�nite spa
e of isotropi
motions de
aying in time be
ause of a la
k of kineti
 energy produ
tion (in the absen
eof shear 
ow) to balan
e the vis
ous dissipation. They a

omplished this by obtaininga turbulent �eld behind a regular grid of bars spanning a steady, uniform du
t 
ow. Bymoving at the speed of the mean 
ow behind the grid, they 
orre
tly surmised that anobserver would see something like true isotropi
 turbulen
e evolving in time.Due to the homogeneity of the 
ow, the domain is taken as a 
ube with sides of length2�, and the boundary 
onditions are taken as periodi
 in the x1-, x2-, and x3-dire
tions.Furthermore, the 
ube is represented by a grid with 33 equally spa
ed verti
es in ea
hdire
tion. Thus, the uniform spa
ing in all dire
tions is h = 2�=32Results are 
ompared to the experimental data of Comte-Bellot and Corrsin (1971)in the form of energy spe
tra, or better yet, energy 
ontained in the di�erent s
ales of the
ow. The initial 
ondition for our simulations is obtained su
h that its energy spe
trummat
hes �ltered experimental spe
trum at a parti
ular non-dimensional time station ofthe Comte-Bellot and Corrsin experiment, denoted as t42. The simulation is run for 56time units up to a se
ond non-dimensional time station, denoted as t98, and the energyspe
trum of the solution at this time is 
ompared to the energy spe
trum of the measureddata 
orresponding to that same time station.The solid 
urves in Figures (5a,b) show the energy spe
trum of the initial 
onditionin our simulation mat
hing the energy spe
trum of the Comte-Bellot and Corrsin (1971)experiment at t42. The Reynolds number based on the Taylor mi
ros
ale number of theinitial 
ondition is 137. The dashed 
urves show the energy spe
trum of the solutionin our simulation at t98. Figures (5a,b) shows ex
ellent agreement at t98 between thespe
trum of the experiment (diamonds) and the spe
trum of the simulation (dashed)for the smaller resolved s
ales in the range 5 < krh < 16. The disagreement at lowerwavenumbers is due to the limited length of the sides of the 
ubi
 domain.Figure (5a) demonstrates the e�e
t of expli
it �ltering in the x3 (verti
al) dire
tion(analogous to de-aliasing in the x1 and x2 (horizontal) dire
tions). Ex
lusion of eitherexpli
it �ltering or de-aliasing (not shown) 
an lead to energy a

umulation at highwavenumbers, as shown by the dash-dotted 
urves in Figure (5a).16
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ements

radial wavenumber

(a) (b)
energy energy

radial wavenumberFigure 5: (a) E�e
t of expli
it �ltering on and, (b) e�e
t of SGS stress model on adve
tionterms in the x3 dire
tion in de
aying isotropi
 turbulen
e.Figure (5b) demonstrates the e�e
t of the SGS parametrization, in this 
ase thedynami
 Smagorinsky model. The energy spe
trum in the simulation without SGSparametrization is 
hara
terized by ex
essive energy a

umulation for a large part ofthe resolved wavenumber range. The addition of the SGS parametrization leads to adrasti
 improvement as the SGS stress serves to extra
t energy from the resolved s
alessu

essfully modeling the e�e
t of unresolved s
ales on resolved s
ales.2.4 Turbulent 
hannel 
owIn this se
tion we present DNS and dynami
 Smagorinsky model LES results of unstrati-�ed turbulent 
hannel 
ow between parallel, stationary, no-slip plates. The 
hannel 
owis 
hosen to have a Reynolds number, Re� , (based on the fri
tion velo
ity, u� , and the
hannel half-height, h) at 180 for the purpose of 
omparison with the ben
hmark DNSresults of Kim et al. (1987). The interested reader is dire
ted to Tejada-Mart��nez et al.(2007) for re
ent results dealing with a strati�ed version of this 
ow. The fri
tion velo
ityis de�ned as u2� = (�w=�), where �w is the shear stress at the walls. By Dean's 
orrelation,as given by Kim et al. (1987), Re� = 180 
orresponds to a bulk Reynolds number (basedon the bulk streamwise velo
ity and 
hannel half-height) of 2800. The geometry of theproblem is 
omposed of no-slip walls at y = �h with homogeneous spanwise (x2) andstreamwise (x1) dire
tions. Thus, the spanwise and streamwise dire
tions are taken asperiodi
. The 
hannel domain is taken L1 = 4�h long the x1 dire
tion and L2 = (4=3)�hwide in the x2 dire
tion. The wall-normal dire
tion extends from x3=h = �1 to x3=h = 1.The LES grid is 
omposed of 33 points in the x1 and x2 dire
tions and 65 points in thex3 dire
tion (i.e. 33� 33� 65) while the DNS grid is 
omposed of a 129� 129� 129 grid.For our 
hannel grid, a hyperboli
 stret
hing fun
tion is employed in the wall-normal,x3, dire
tion su
h that the lo
ation of the �rst point o� the top or bottom plate, x�3, is17
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Figure 6: Root mean square of velo
ity 
u
tuations in DNS of turbulent 
hannel 
ow.set su
h that �z+1 = Re� (�1 � x�3) = 1 for both DNS and LES. Using the stret
hingfun
tion, the grid spa
ings in the x3 dire
tion be
ome smaller near the walls, yieldinghigher resolution in these regions. Due to the no-slip boundary 
onditions, a vis
ousboundary layer and its 
hara
teristi
 strong velo
ity gradient in the wall-normal dire
-tion develop in the near-wall region, requiring higher resolution in this region. The �rstpoint o� the wall at �z+1 = 1 is well below the top of the vis
ous boundary layer lo
atedat a �z+ � 10. Thus our LES may 
ategorized as LES-NWR (i.e. LES with near-wallresolution).In turbulent 
hannel 
ow simulations, the 
ow is driven by a 
onstant streamwisepressure gradient 
hosen su
h that (in a 
ontrol volume setting) it balan
es the targetedwall shear stress determined by the 
hoi
e of Re� . This balan
e results in the dimension-less streamwise pressure gradient equal to unity.Figures (6a,b,
) and (7a,b) 
ompare root mean square (rms) of velo
ity 
u
tuations,1-3 Reynolds stress 
omponent and mean streamwise velo
ity, respe
tively, in our DNSof turbulent 
hannel 
ow with the ben
hmark DNS of Kim et al. (1987). The rms ofvelo
ity 
u
tuations and the 1-3 Reynolds stress 
omponent are derived following the
lassi
al Reynolds de
omposition: �ui = h�uii+ �u0i; (50)where h�i denotes averaging in time and over homogenous dire
tions (i.e. x1 and x2), h�uiiis the mean velo
ity and �u0i is its 
u
tuating 
omponent. Based on this de�nition, the18
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(a) shear stresses (b) mean velo
ity
z+ 3

z+3Figure 7: (a) Reynolds, vis
ous and total (Reynolds plus vis
ous) shear stresses and (b)mean velo
ity in wall units in DNS of turbulent 
hannel 
ow.Reynolds stress 
omponents are 
omputed as h�u0i�u0ji = h�ui�uji � h�uiih�uji and the rms ofvelo
ity 
u
tuations as urms1 = qh�u021 i, urms2 = qh�u022 i and urms3 = qh�u023 i.The agreement between the simulations in terms of rms of velo
ity 
u
tuations, 1-3Reynolds stress 
omponent and mean streamwise velo
ity is remarkable given that ourDNS was performed on a 129 � 129 � 129 grid while the DNS of Kim et al. (1987)was performed on a mu
h �ner (192 � 160 � 160) grid. Figure (7a) also shows the 1-3 
omponent of the vis
ous stress in our DNS. The sum of the 1-3 
omponents of thevis
ous stress and Reynolds stress add up to a straight line as expe
ted (Pope, 2000).Figure (7b) shows the mean velo
ity in wall units of our DNS as 
ompared to that ofKim et al. (1987) on their �ner grid. The agreement is ex
ellent.Figures (8), (9) and (10) show LES results in terms of the model 
oeÆ
ient, (Cs ��)2(appearing in the dynami
 Smagorinsky SGS stress parametrization) and streamwise andspanwise energy spe
tra, respe
tively. Streamwise (spanwise) energy spe
tra is 
omputedby taking the Fourier transform of streamwise (spanwise) auto
orrelation fun
tions. Thetwo-point, one-time, streamwise 
orrelation fun
tion is de�ned asRxij(�x1; x3) = D�u0i(t; x1; x2; x3)�u0j(t; x1 +�x1; x2; x3)Etx2D�u0i�u0jE : (51)
19
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PSfrag repla
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z+3Figure 8: Mean dynami
 
oeÆ
ient, < C2s�2 >, in LES of turbulent 
hannel 
ow.Similarly, the spanwise 
orrelation fun
tion isRyij(�x2; x3) = D�u0i(t; x1; x2; x3)�u0j(t; x1; x2 +�x2; x3)Etx1D�u0i�u0jE ; (52)where h�itxi denotes averaging in time and over the xi-dire
tion. Auto
orrelations areobtained by setting i = j in (51) and (52) and ignoring the usual 
onvention of summingover repeated indi
es.Near the wall, (Cs ��)2 goes to zero as 
an be seen by analyzing equations (7), (8) and(9). More spe
i�
ally, as expe
ted, near the wall (Cs ��)2 � z+3 = (Re�z)3 where z is thedimensionless distan
e to the wall (Pope, 2000). Streamwise and spanwise energy spe
traat the middle horizontal plane and a near-wall horizontal plane of the 
hannel from ourLES 
ompared to those from the DNS of Kim et al. (1987) demonstrates that the LESis able to a

urately represent the energy in the most energeti
 s
ales of the 
ow. Asexpe
ted, there is small damping of energy in the LES relative to the DNS at the highestresolved wavenumbers of the LES. This damping is due to an unknown 
ombination of thespatiotemporal dis
retization and the SGS dis
retization. Note that the high wavenumberenergy damping observed in LES with our high order spatial dis
retization is mu
h lessthat the damping observed in LES with lower order methods. For 
omparison, the readeris dire
ted to the LES results of Najjar and Tafti (1998) obtained with a se
ond ordera

urate spatial dis
retization. In the latter, ex
essive streamwise energy damping o

ursat k1h � 10. Finally, the reader is reminded that it is not possible to 
ompare our LESenergy spe
tra at exa
tly the same near-wall lo
ations as those of Kim et al. (1987) dueto di�erent grids between our LES and their DNS. As a result, LES energy spe
tra interms of wall-normal 
u
tuations at z+ = 4:75 is lower than the DNS 
ounterpart atz+ = 5:34 for all wavenumbers resolved in the LES.20
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hannel 
ow.
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Figure 10: Spanwise one-dimensional energy spe
tra in LES of turbulent 
hannel 
ow.
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